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In this paper, some questions on weighted pseudo almost periodic functions are consid-
ered. Firstly, a suﬃcient condition for translation invariance of PAP0(X,ρ) is given and
some applications of translation invariance of PAP0(X,ρ) in PAP(X,ρ) are presented. Then
two mostly accounted types of weight are investigated and some results are given for
ergodicity of an almost periodic function under a weight ρ (i.e. M( f ,ρ) = M( fa,ρa) uni-
formly with respect to a ∈ R). Finally, the notion of ergodic zero set under a weight is
introduced and its applications are exploited.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let U denote the collection of all weights ρ : R → [0,+∞) being locally integrable over R such that ρ > 0 almost
everywhere. If P is a subset of R, we denote
μ(P ,ρ) :=
∫
P
ρ(t)dt.
The symbol μ(P ) will stand for μ(P ,ρ) if there is no risk of confusion for ρ .
Suppose Qr := [−r, r], Qr + a := [−r + a, r + a]. Deﬁne the set of weights U∞ by
U∞ =
{
ρ ∈U: lim
r→+∞μ(Qr,ρ) = +∞
}
,
and Ub by
Ub =
{
ρ ∈U: 0 < inf
t∈Rρ(t) supt∈R
ρ(t) < +∞
}
.
Clearly, Ub ⊂U∞ ⊂U.
Let X be a Banach space, BC(R,X) the Banach space of all bounded continuous functions from R into X. Suppose that
ρ ∈U∞ and f ∈ BC(R,X), we deﬁne its weighted mean, if the limit exists, by
M( f ,ρ) = lim
r→+∞
1
μ(Qr,ρ)
∫
Qr
f (t)ρ(t)dt.
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PAP0(X,ρ) =
{
f ∈ BC(R,X): lim
r→+∞
1
μ(Qr,ρ)
∫
Qr
∥∥ f (t)∥∥ρ(t)dt = 0}.
Deﬁnition 1.1. (See [2].) A function f ∈ BC(R,X) is called weighted pseudo almost periodic (or ρ-pseudo almost periodic)
if it can be expressed as f = g + φ, where g ∈ AP(X) and φ ∈ PAP0(X,ρ). The collection of such functions will be denoted
by PAP(X,ρ).
In a recent paper by Liang et al. [5], they showed that the decomposition of weighted pseudo almost periodic function
is not unique in general. Then they proved that the decomposition of such functions is unique if PAP0(X,ρ) is translation
invariant. In this regard, translation invariance is an useful property of PAP0(X,ρ). So, a concise criteria to judge whether
PAP0(X,ρ) is translation invariant is necessary. We know from Agarwal et al. [1] that if the limits
lim
t→∞
ρ(t + τ )
ρ(t)
and lim
T→∞
μ(Q T+τ ,ρ)
μ(Q T ,ρ)
exist for all τ ∈R, then PAP0(X,ρ) is translation invariant. The quantity μ(Q T ,ρ) is not only completely determined by ρ
but is also more complicated than ρ , so it is reasonable to just consider the properties of ρ . In Section 2, we will give a
more concise criteria for translation invariance of PAP0(X,ρ).
T. Diagana gave some suﬃcient conditions to guarantee the existence of a weighted mean for almost periodic func-
tions in [4]. Under those conditions, the weighted mean coincides with the classical (Bohr) mean. He also considered the
conditions under which f ∈ AP(X) is ergodic under a weight ρ , i.e.
M( fa,ρa) = M( f ,ρ) = M( f )
uniformly with respect to (short for u.w.r.t.) a ∈ R in Corollary 2.5 in the same paper. In Section 3, we will raise some
questions on these conditions, construct some examples and investigate the translation invariance of weighted mean and
ergodicity of almost periodic functions under a weight ρ .
The notion of equivalence of weights was ﬁrstly introduced by T. Diagana.
Deﬁnition 1.2. (See [2].) Let ρ1,ρ2 ∈U. One says that ρ1 is equivalent to ρ2 or ρ1 ∼ ρ2 whenever ρ1ρ2 ∈Ub .
Equivalence of ρ1 and ρ2 implies that PAP0(X,ρ1) = PAP0(X,ρ2). But does PAP0(X,ρ1) = PAP0(X,ρ2) imply ρ1ρ2 ∈ Ub?
And when does PAP0(X,ρ1) ⊂ PAP0(X,ρ2)? To answer these two questions, we will generalize Deﬁnition 1.2 with the help
of the notion of weighted ergodic zero set. We will show the details and give two examples in Section 4.
2. Translation invariance of PAP0(X,ρ)
Firstly, we consider conditions under which PAP0(X,ρ) is translation invariant. Obviously, for any ρ ∈ Ub , PAP0(X,ρ) is
translation invariant. More generally, we refer the reader to results due to Agarwal et al. mentioned in the introduction.
Now we have a more concise result as follows.
Theorem 2.1. Suppose ρ ∈U∞ and for any τ ∈R, lim|t|→+∞ ρ(t+τ )ρ(t) is ﬁnite. Then PAP0(X,ρ) is translation invariant.
Proof. We shall prove ﬁrst an auxiliary result, namely that for any τ ∈ R, lim|t|→+∞ ρ(t+τ )ρ(t) < +∞ implies that
limT→+∞ μ(Q T+τ ,ρ)μ(Q T ,ρ) < +∞. Since it obviously holds for τ < 0, we suppose τ > 0. Denote lτ = lim|t|→+∞
ρ(t+τ )
ρ(t) . Actu-
ally, lτ > 0; otherwise, l−τ = lim|t|→+∞ ρ(t)ρ(t+τ ) = 1lim|t|→+∞ ρ(t+τ )ρ(t) = +∞. There exists a T0 > 0 such that for any |t| > T0,
ρ(t+τ )
ρ(t) < 2lτ .
Choose T > T0 + τ , then
μ(Q T+τ ,ρ) =
T∫
−T
ρ(t)dt +
−T∫
−(T+τ )
ρ(t)dt +
(T+τ )∫
T
ρ(t)dt
<
T∫
ρ(t)dt +
−(T−τ )∫
ρ(t − τ )dt +
T∫
ρ(t + τ )dt−T −T T−τ
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T∫
−T
ρ(t)dt + 2lτ
−(T−τ )∫
−T
ρ(t)dt + 2lτ
T∫
T−τ
ρ(t)dt
<
T∫
−T
ρ(t)dt + 2lτ
T∫
−T
ρ(t)dt
= (1+ 2lτ )μ(Q T ,ρ).
Thus,
lim
T→+∞
μ(Q T+τ ,ρ)
μ(Q T ,ρ)
 1+ 2lτ < +∞.
Now we prove that PAP0(X,ρ) is translation invariant. Suppose f ∈ PAP0(X,ρ), we will show that f−τ is also in
PAP0(X,ρ), where τ ∈ R and f−τ (t) = f (t − τ ). Without loss of generality, we suppose τ > 0. For any ε > 0, there ex-
ists T1 > 0 such that for any T > T1,
1
μ(Q T ,ρ)
∫
Q T
∥∥ f (t)∥∥ρ(t)dt < ε.
We may choose T1 > T0, then when |t| > T1 + τ ,
ρ(t + τ )
ρ(t)
< 2lτ .
Because ρ is locally integrable, there exists T2 = T2(T1, τ ) > T1 such that for any T > T2,
μ(Q T1 + τ ,ρ)
μ(Q T ,ρ)
< ε.
If T > T2, then
1
μ(Q T ,ρ)
T∫
−T
∥∥ f (t − τ )∥∥ρ(t)dt
= 1
μ(Q T ,ρ)
T−τ∫
−(T+τ )
∥∥ f (t)∥∥ρ(t + τ )dt
 1
μ(Q T ,ρ)
( T1∫
−T1
∥∥ f (t)∥∥ρ(t + τ )dt + 2lτ
−T1∫
−(T+τ )
∥∥ f (t)∥∥ρ(t)dt + 2lτ
T+τ∫
T1
∥∥ f (t)∥∥ρ(t)dt
)
= 2lτ 1
μ(Q T ,ρ)
T+τ∫
−(T+τ )
∥∥ f (t)∥∥ρ(t)dt + 1
μ(Q T ,ρ)
T1∫
−T1
∥∥ f (t)∥∥ρ(t + τ )dt − 2lτ
μ(Q T ,ρ)
T1∫
−T1
∥∥ f (t)∥∥ρ(t)dt
 2lτ
μ(Q T+τ ,ρ)
μ(Q T ,ρ)
1
μ(Q T+τ )
T+τ∫
−(T+τ )
∥∥ f (t)∥∥ρ(t)dt + μ(Q T1 + τ ,ρ)
μ(Q T ,ρ)
‖ f ‖
< 2lτ (1+ 2lτ )ε + ‖ f ‖ε.
Thus f−τ ∈ PAP0(X,ρ). The proof is complete. 
Next, we give some basic properties of PAP(X,ρ).
Lemma 2.2. Suppose PAP0(X,ρ) is translation invariant. If f ∈ PAP(X,ρ), f = g + φ , g ∈ AP(X,ρ), φ ∈ PAP0(X.ρ), then g(R) ⊂
f (R). Thus, ‖ f ‖ ‖g‖.
Theorem 2.3. Suppose PAP0(X,ρ) is translation invariant. Then PAP(X,ρ) is a translation invariant C∗-subalgebra of BC(R,X)
containing the constant functions. Furthermore PAP(X,ρ)/PAP0(X,ρ) ∼= AP(X).
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Translation invariance of PAP0(R,ρ) also has applications in constructing weighted PAP(R,ρ) through convolution oper-
ator.
Theorem 2.4. Suppose ρ ∈U∞ , PAP0(R,ρ) is translation invariant. If f ∈ PAP0(R,ρ), g ∈ L1(R), then f ∗ g ∈ PAP0(R,ρ).
Theorem 2.3 is almost the same as Proposition 12.2.1 in [3] by T. Diagana as well as its proof. However the difference
here is ρ ∈U∞ , not Ub as in that proposition.
Corollary 2.5. Suppose ρ ∈U∞ , PAP0(R,ρ) is translation invariant. If f ∈ PAP(R,ρ), g ∈ L1(R). Then f ∗ g ∈ PAP(R,ρ).
As an application of the corollary above, we give the following example.
Example 2.6. Suppose PAP0(R,ρ) is translation invariant. Consider differential equation
x˙(t) = λx(t) + f (t),
where λ > 0 is a constant, f ∈ PAP(R,ρ). This equation has a unique bounded solution
x(t) = −
+∞∫
t
eλ(t−s) f (s)ds = −(k ∗ f )(t),
where
k(t) =
{
eλt, t < 0,
0, t  0.
Obviously, k ∈ L1(R). It follows from Corollary 2.5, x ∈ PAP(R,ρ).
3. Weighted mean of almost periodic function
Suppose f :R →X is an almost periodic function, then it has a mean on R,
M( f ) = lim
r→+∞
1
2r
r∫
r
f (t)dt.
The mean is translation invariant, i.e. M( f ) = M( fa), where fa(t) = f (a + t), a ∈R. Furthermore,
M( f ) = lim
r→+∞
1
2r
r+a∫
−r+a
f (t)dt
converges u.w.r.t. a ∈R.
Analogously, there are three questions on the weighted mean of an almost periodic function f :
(i) the existence, i.e. whether the limit
M( f ,ρ) = lim
r→+∞
1
μ(Qr)
∫
Qr
f (t)ρ(t)dt
exists;
(ii) the translation invariance, i.e. whether
M( f ,ρ) = M( fa,ρ), ∀a ∈R;
(iii) the ergodicity, i.e. whether
M( f ,ρ) = lim
r→+∞
1
μ(Qr + a)
∫
Qr+a
f (t)ρ(t)dt
(
= lim
r→+∞
1
μ(Qr + a)
∫
Qr
f (t + a)ρ(t + a)dt
)
converges u.w.r.t. a ∈R.
The following theorem is given by T. Diagana in [4] for the existence of weighted mean of an almost periodic function.
354 D. Ji, C. Zhang / J. Math. Anal. Appl. 391 (2012) 350–362Theorem 3.1. Fix ρ ∈U∞ . If f :R →X is an almost periodic function such that
lim
r→+∞
∣∣∣∣ 1μ(Qr)
∫
Qr
eiλtρ(t)dt
∣∣∣∣= 0 (3.1)
for all λ ∈ σb( f )\{0}, then the weighted mean of f ,
M( f ,ρ) = lim
r→+∞
1
μ(Qr,ρ)
∫
Qr
f (t)ρ(t)dt
exists. Furthermore, M( f ,ρ) = M( f ).
In fact, Theorem 3.1 also solves the translation invariance.
Eq. (3.1) is not a necessary condition for the existence of weighted mean. We have the following example to illustrate
this.
Example 3.2. Let f (t) = sin t , ρ(t) = e|t| , t ∈R. The function f is almost periodic, ‖ f ‖ 1, and ρ ∈U∞ . Since f is odd and
ρ is even, we have
1
μ(Qr)
∫
Qr
f (t)ρ(t)dt = 0.
Thus the weighted mean of f exists and M( f ,ρ) = 0= M( f ). However, the Bohr spectrum of f is σb( f ) = {−1,1}, Eq. (3.1)
does not hold for λ = ±1 and ρ(t) = e|t| (by direct calculation, or see the paragraph after the proof of the following
Theorem 3.3).
Theorem 3.1 generates a new question: what type of weights make Eq. (3.1) valid or invalid? For this, we consider two
mostly accounted types of weights of exponential and polynomial types.
Theorem 3.3. Fix ρ ∈U∞ . If limr→+∞ μ(Qr+τ )μ(Qr) > 1 for all τ > 0, then (3.1) does not hold.
Proof. Suppose (3.1) holds, then
lim
r→+∞
1
μ(Qr)
∫
Qr
eiλtρ(t)dt = 0. (3.2)
For any τ > 0,
lim
r→+∞
μ(Qr+τ )
μ(Qr)
> θτ > 1.
There exists R(τ ) such that for any r > R ,
μ(Qr+τ )
μ(Qr)
> θτ .
Thus,
μ(Qr+τ \Qr)
μ(Qr+τ )
= μ(Qr+τ ) − μ(Qr)
μ(Qr+τ )
= 1− μ(Qr)
μ(Qr+τ )
> 1− 1
θτ
= θτ − 1
θτ
> 0. (3.3)
Now ∣∣∣∣ 1μ(Qr+τ )
∫
Qr+τ
eiλtρ(t)dt
∣∣∣∣
−
∣∣∣∣ 1μ(Qr+τ )
∫
Qr
eiλtρ(t)dt
∣∣∣∣+
∣∣∣∣ 1μ(Qr+τ )
∫
Qr+τ \Qr
eiλtρ(t)dt
∣∣∣∣
− μ(Qr)
μ(Qr+τ )
∣∣∣∣ 1μ(Qr)
∫
eiλtρ(t)dt
∣∣∣∣+
∣∣∣∣ 1μ(Qr+τ )
∫
eiλtρ(t)dt
∣∣∣∣
Qr Qr+τ \Qr
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∣∣∣∣ 1μ(Qr)
∫
Qr
eiλtρ(t)dt
∣∣∣∣+
∣∣∣∣ 1μ(Qr+τ )
∫
Qr+τ \Qr
eiλtρ(t)dt
∣∣∣∣
> −
∣∣∣∣ 1μ(Qr)
∫
Qr
eiλtρ(t)dt
∣∣∣∣+
∣∣∣∣ 1μ(Qr+τ )
∫
Qr+τ \Qr
cosλtρ(t)dt
∣∣∣∣.
Let rk = 2kπ , k ∈N, and τ = π3|λ| in the formulas above, we get∣∣∣∣ 1μ(Qrk+τ )
∫
Qrk+τ
eiλtρ(t)dt
∣∣∣∣> −
∣∣∣∣ 1μ(Qrk )
∫
Qrk
eiλtρ(t)dt
∣∣∣∣+ μ(Qrk+τ \Qrk )2μ(Qrk+τ ) .
It follows from (3.2) and (3.3) that
0= lim
k→+∞
∣∣∣∣ 1μ(Qrk+τ )
∫
Qrk+τ
eiλtρ(t)dt
∣∣∣∣ θτ − 12θτ > 0.
This contradiction shows the theorem. The proof is complete. 
It follows from Theorem 3.3 that (3.1) is invalid for any weight ρ which grows exponentially. Polynomial type weights
have the form ρ(t) =∑Ni=0 ai |t|i , ai  0, and a property that limt→±∞ ρ(t+τ )ρ(t) = 1, ∀τ ∈R. The following theorem shows that
polynomial type weights make (3.1) valid.
Theorem 3.4. Fix ρ ∈U∞ . If lim|t|→+∞ ρ(t+τ )ρ(t) = 1,∀τ ∈R, then (3.1) holds.
Proof. Since lim|t|→+∞
ρ(t+ T2 )
ρ(t) = 1, where T = 2π|λ| , there exists T1 > 0 such that when |t| > T1,∣∣∣∣ρ(t +
T
2 )
ρ(t)
− 1
∣∣∣∣< ε,
i.e. ∣∣∣∣ρ
(
t + T
2
)
− ρ(t)
∣∣∣∣< ερ(t).
Because ρ is locally integrable, there exists T2 > T1 such that when r > T2,
μ(Q T1+T )
μ(Qr)
< ε.
When r > T2, let N(r) = [ r−T1T ], then∣∣∣∣ 1μ(Qr)
∫
Qr
eiλtρ(t)dt
∣∣∣∣

∣∣∣∣ 1μ(Qr)
∫
Q T1+T
eiλtρ(t)dt
∣∣∣∣+
∣∣∣∣∣ 1μ(Qr)
−r+N(r)T∫
−r
eiλtρ(t)dt
∣∣∣∣∣+
∣∣∣∣∣ 1μ(Qr)
r∫
r−N(r)T
eiλtρ(t)dt
∣∣∣∣∣
 μ(Q T1+T )
μ(Qr)
+
∣∣∣∣∣ 1μ(Qr)
N(r)−1∑
k=0
−r+(k+1)T∫
−r+kT
eiλtρ(t)dt
∣∣∣∣∣+
∣∣∣∣∣ 1μ(Qr)
N(r)−1∑
k=0
r−N(r)T+(k+1)T∫
r−N(r)T+kT
eiλtρ(t)dt
∣∣∣∣∣
< ε +
∣∣∣∣∣ 1μ(Qr)
N(r)−1∑
k=0
−r+(k+ 12 )T∫
−r+kT
eiλt
(
ρ(t) − ρ
(
t + T
2
))
dt
∣∣∣∣∣
+
∣∣∣∣∣ 1μ(Qr)
N(r)−1∑
k=0
r−N(r)T+(k+ 12 )T∫
eiλt
(
ρ(t) − ρ
(
t + T
2
))
dt
∣∣∣∣∣
r−N(r)T+kT
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μ(Qr)
N(r)−1∑
k=0
−r+(k+ 12 )T∫
−r+kT
ερ(t)dt + 1
μ(Qr)
N(r)−1∑
k=0
r−N(r)T+(k+ 12 )T∫
r−N(r)T+kT
ερ(t)dt
< ε + ε = 2ε.
Since ε is arbitrary,
lim
r→+∞
∣∣∣∣ 1μ(Qr)
∫
Qr
eiλtρ(t)dt
∣∣∣∣= 0.
The proof is complete. 
Diagana in [1] introduced the translation invariance of the following type
M( f ,ρ) = M( fa,ρa), ∀a ∈R.
Denote
W0∞ =
{
ρ ∈U∞: θτ = lim
r→+∞
μ(Qr+τ )
μ(Qr)
= 1, ∀τ ∈R
}
.
For this type of weights, we have the following theorem.
Theorem 3.5. Fix ρ ∈W0∞ . If f :R →X is an almost periodic function such that Eq. (3.1) holds, then for all a ∈R,
M( fa,ρa) = M( fa) = M( f ).
Proof. By Theorem 3.1, we only need to show that for any λ ∈ σb( f )\{0},
lim
r→+∞
∣∣∣∣ 1μ(Qr,ρa)
∫
Qr
eiλtρa(t)dt
∣∣∣∣= 0
holds. Without loss of generality, we suppose a > 0.
Now∣∣∣∣
∫
Qr
eiλtρa(t)dt
∣∣∣∣=
∣∣∣∣
∫
Qr+a
eiλtρ(t)dt
∣∣∣∣
∣∣∣∣
∫
Qr+a
eiλtρ(t)dt
∣∣∣∣+ μ(Qa − r)
and hence
lim
r→+∞
∣∣∣∣ 1μ(Qr,ρa)
∫
Qr
eiλtρa(t)dt
∣∣∣∣ limr→+∞
∣∣∣∣ 1μ(Qr + a)
∫
Qr+a
eiλtρ(t)dt
∣∣∣∣+ limr→+∞ μ(Qa − r)Qr + a
= lim
r→+∞
μ(Qr+a)
μ(Qr + a)
∣∣∣∣ 1μ(Qr+a)
∫
Qr+a
eiλtρ(t)dt
∣∣∣∣+ 0
 lim
r→+∞
∣∣∣∣ 1μ(Qr+a)
∫
Qr+a
eiλtρ(t)dt
∣∣∣∣
= 0
for all λ ∈ σb( f )\{0}. 
For the ergodicity, the following example shows that even ρ ∈ W∞0 and f : R → X is an almost periodic function such
that Eq. (3.1) holds, f may be not ergodic under ρ .
Example 3.6. Let {qn} ⊂R be a sequence, qn > 0 for n ∈ Z+ and
qn → +∞, as n → +∞. (3.4)
First choose n1 ∈N∗ such that 2n1π > q21 and deﬁne ρ on interval [0,2n1π + 1n1 ],
ρ(t) =
{1, 0 t  2n1π,
q1n1, 2n1π < t  2n1π + 1 .n1
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ρ(t) =
{
1, 2n1π + 1n1 < t  2n2π,
q2n2, 2n2π < t  2n2π + 1n2 .
Suppose ni , i = 1,2, . . . ,m, are chosen and ρ is deﬁned on [0,2nmπ + 1nm ], we choose nm+1 ∈N∗ such that
nm+1 > n2m + q21 + q22 + · · · + q2m+1 (3.5)
and deﬁne ρ on interval (2nmπ + 1nm ,2nm+1π + 12nm+1 ],
ρ(t) =
{
1, 2nmπ + 1nm < t  2nm+1π,
qm+1nm+1, 2nm+1π < t  2nm+1π + 1nm+1 .
(3.6)
Follow the steps above, we deﬁne ρ on R+ . Let ρ(t) = ρ(−t) for t < 0, then ρ is a weight on R.
Let f (t) = eiλt , t ∈R, where λ > 0 is a real number. The function f is almost periodic on R.
At ﬁrst, we show that ρ ∈W0∞ that is for any τ > 0,
μ(Qr+τ \Qr)
μ(Qr)
→ 0, r → ∞ (3.7)
holds.
We may choose a ﬁxed τ > 0, then there is an mτ ∈N+ , such that for any m >mτ ,
τ >
1
nm
.
For any r ∈R+ which is big enough, we have 2nm−1π < r  2nmπ , where nm−1 >mτ . According to the distance between
r and 2nmπ , we have two cases to discuss. In the ﬁrst case where r  2nmπ − τ , we have by (3.4) and (3.5),
μ(Qr+τ \Qr)
μ(Qr)
<
2(τ + qm−1)
μ(Qr)
<
2(τ + qm−1)
2nm−1π
→ 0, m → ∞. (3.8)
In the second case where r > 2nmπ − τ , we have by (3.4) and (3.5)
μ(Qr+τ \Qr)
μ(Qr)
<
2(τ + qm)
μ(Qr)
<
2(τ + qm)
2(nmπ − τ ) → 0, m → ∞. (3.9)
In view of (3.8) and (3.9), we see that (3.7) holds.
Next, we will show that for any ﬁxed a ∈R, λ = 0,∣∣∣∣ 1μa(Qr)
∫
Qr
eiλtρa(t)dt
∣∣∣∣→ 0, r → +∞. (3.10)
Let r be so big that a − r < 0, and a + r ∈ [2nmπ,2nm+1π ], a − r ∈ [−2nl+1π,−2nlπ ]. Then we have∣∣∣∣∣
a+r∫
0
eiλtρ(t)dt
∣∣∣∣∣ 2|λ| (m + 1) +
m∑
k=1
qk, (3.11)
∣∣∣∣∣
0∫
a−r
eiλtρ(t)dt
∣∣∣∣∣ 2|λ| (l + 1) +
l∑
j=1
ql, (3.12)
and
μa(Qr) > 2(nl + nm)π. (3.13)
So ∣∣∣∣ 1μa(Qr)
∫
Qr
eiλtρa(t)dt
∣∣∣∣
<
2
|λ| (m + 1) +
∑m
k=1 qk + 2|λ| (l + 1) +
∑l
j=1 q j =
2
|λ| (m + 1) +
∑m
k=1 qk +
2
|λ| (l + 1) +
∑l
j=1 q j2nmπ + 2nlπ 2nmπ + 2nlπ 2nmπ + 2nlπ
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2
|λ| (m + 1) +
∑m
k=1 qk
2nmπ
+
2
|λ| (l + 1) +
∑l
j=1 q j
2nlπ
<
2
|λ| (m + 1) +
∑m
k=1 qk
2π(n2m−1 +
∑m
k=1 q2k )
+
2
|λ| (l + 1) +
∑l
j=1 q j
2π(n2l−1 +
∑l
j=1 q2j )
= 1
π |λ|
m + 1
n2m−1 +
∑m
k=1 q2k
+ 1
2π
∑m
k=1 qk
n2m−1 +
∑m
k=1 q2k
+ 1
π |λ|
l + 1
n2l−1 +
∑l
j=1 q2j
+ 1
2π
∑l
j=1 q j
n2l−1 +
∑l
j=1 q2j
<
1
π |λ|
m + 1
n2m−1
+ 1
2π
∑m
k=1 qk∑m
k=1 q2k
+ 1
π |λ|
l + 1
n2l−1
+ 1
2π
∑l
j=1 q j∑l
j=1 q2j
<
1
π |λ|
m + 1
(m − 1)2 +
1
2π
∑m
k=1 qk∑m
k=1 q2k
+ 1
π |λ|
l + 1
(l − 1)2 +
1
2π
∑l
j=1 q j∑l
j=1 q2j
.
Since qn → +∞ as n → +∞, the second and the fourth terms in the last formula above tend to zero as r → +∞ by
L’Hospital rule. Obviously, the ﬁrst and third terms tend to zero as r → +∞. Thus, (3.10) holds.
Now, we will show that (3.10) does not hold u.w.r.t. a ∈R.
For any r > 0, we can choose a = 2nmπ where m is so big that qm > r, 1nm < π3|λ| . Then,
μa(Qr) < 2r + qm < 3qm, (3.14)
and
∣∣∣∣
∫
Qr
eiλtρa(t)dt
∣∣∣∣=
∣∣∣∣∣
0∫
−r
eiλt dt +
1
nm∫
0
eiλtqmnm dt +
r∫
1
nm
eiλt dt
∣∣∣∣∣

∣∣∣∣∣
1
nm∫
0
eiλtqmnm dt
∣∣∣∣∣−
∣∣∣∣∣
0∫
−r
eiλt dt
∣∣∣∣∣−
∣∣∣∣∣
r∫
1
nm
eiλt dt
∣∣∣∣∣
>
1
2
qm − 4|λ| . (3.15)
From (3.14) and (3.15),∣∣∣∣ 1μa(Qr)
∫
Qr
eiλ(t+a)ρa(t)dt
∣∣∣∣=
∣∣∣∣ 1μa(Qr)
∫
Qr
eiλtρa(t)dt
∣∣∣∣>
1
2qm − 4|λ|
3qm
→ 1
6
, m → ∞.
Now, we investigate the ergodicity of f ∈ AP(X) under a weight ρ . Let’s start form the simplest trigonometric func-
tion eiλ· , λ = 0, where eiλ· : t → eiλt . The function eiλ· is periodic with period T = 2π|λ| and eiλ(t+
T
2 ) = −eiλt . Hinted by this,
we have the following lemma.
Lemma 3.7. Suppose f (t) = eiλt , λ = 0, and ρ a weight satisfying the following two conditions:
(H1) for any k1,k2 ∈ Z and k1 < k2 ,
1
μ([k1T ,k2T ])
T
2∫
0
∣∣∣∣∣
k2−1∑
k=k1
(
ρ(t + kT ) − ρ
(
t + T
2
+ kT
))∣∣∣∣∣dt → 0, |k1 − k2| → +∞,
where T = 2π|λ| ;
(H2) limr→+∞ μ((Qr+a)\(Qr−T +a))μ(Qr+a) = 0 u.w.r.t. a ∈R. Then f is ergodic under weight ρ .
Proof. For any a ∈R and suﬃciently large r, there exist a smallest number k1 ∈ Z and a biggest number k2 ∈ Z such that
−r + a k1T < k2T  r + a. (3.16)
In view of (3.16), we have
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∫
Qr+a
eiλtρ(t)dt
∣∣∣∣= 1μ(Qr + a)
∣∣∣∣∣
k1T∫
−r+a
eiλtρ(t)dt +
k2T∫
k1T
eiλtρ(t)dt +
r+a∫
k2T
eiλtρ(t)dt
∣∣∣∣∣
 1
μ(Qr + a)
−r+a+T∫
−r+a
ρ(t)dt + 1
μ(Qr + a)
∣∣∣∣∣
T∫
0
k2−1∑
k=k1
eiλtρ(t + kT )dt
∣∣∣∣∣
+ 1
ρ(Qr + a)
r+a∫
r+a−T
ρ(t)dt
= 1
μ(Qr + a)
∣∣∣∣∣
T
2∫
0
eiλt
k2−1∑
k=k1
(
ρ(t + kT ) − ρ
(
t + T
2
+ kT
))
dt
∣∣∣∣∣
+ μ((Qr + a)\(Qr−T + a))
μ(Qr + a)
 1
μ([k1T ,k2T ])
T
2∫
0
∣∣∣∣∣
k2−1∑
k=k1
(
ρ(t + kT ) − ρ
(
t + T
2
+ kT
))∣∣∣∣∣dt
+ μ((Qr + a)\(Qr−T + a))
μ(Qr + a) .
By (H1) and (H2), the last inequality above implies that∣∣∣∣ 1μ(Qr + a)
∫
Qr+a
eiλtρ(t)dt
∣∣∣∣→ 0, as r → ∞
u.w.r.t. a ∈R. The proof is complete. 
Remark 3.8. (1) If we let k1 = −k2 and a = 0 in (H1) and (H2), then we get the conditions which do guarantee that
(3.1) holds.
(2) Suppose lim|t|→+∞
ρ(t+ T2 )
ρ(t) = 1 and μ((−∞,0],ρ) = μ([0,+∞),ρ) = +∞, where T = 2π|λ| . Then it is easy to verify
that both (H1) and (H2) hold.
Example 3.9. Suppose ρ(t) =∑Ni=0 ai |t|i , t ∈R, ai > 0. Then the function eiλ· , λ = 0, is ergodic under weight ρ .
Proof. If N = 0, a0 = 1, then ρ is the Lebesgue measure on R. Obviously, the conclusion holds. For the case N is a positive
integer, ρ satisﬁes the conditions in (2) of the remark above for any λ = 0. Thus, eiλ· , λ = 0, is ergodic under weight ρ . 
Lemma 3.10. Suppose f : R → X is an almost periodic function and ρ is a weight. If for any λk ∈ σb( f )\{0}, the function eiλk · is
ergodic under weight ρ , then f is ergodic under weight ρ .
Proof. For any ε > 0, there exists a trigonometric polynomial Pε(t) = a0 + ∑nk=1 akeiλkt , where a0 = M( f ), ak ∈ X, λk ∈
σb( f )\{0}, k = 1,2, . . . ,n, and
∥∥ f (t) − Pε(t)∥∥< ε
2
. (3.17)
Since the function eiλk · is ergodic under weight ρ , there exists an Rk > 0 such that for r > Rk ,∣∣∣∣ 1μ(Qr + a)
∫
Qr+a
eiλktμ(t)dt
∣∣∣∣< ε2n‖ak‖ (3.18)
holds uniformly with respect to a ∈R, k = 1,2, . . . ,n.
It follows from (3.17) and (3.18) that for r > maxk=1,2,...,n{Rk},
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∫
Qr+a
f (t)ρ(t)dt − a0
∥∥∥∥
∥∥∥∥ 1μ(Qr + a)
∫
Qr+a
[
f (t) − Pε(t)
]
ρ(t)dt
∥∥∥∥
+
∥∥∥∥∥ 1μ(Qr + a)
∫
Qr+a
n∑
k=1
ake
iλktρ(t)dt
∥∥∥∥∥

∥∥ f (t) − Pε(t)∥∥+ n∑
k=1
‖ak‖
∣∣∣∣ 1μ(Qr + a)
∫
Qr+a
eiλktρ(t)dt
∣∣∣∣
<
ε
2
+
n∑
k=1
‖ak‖ ε2n‖ak‖
= ε.
Since ε > 0 is arbitrary, f is ergodic under weight ρ . The proof is complete. 
Theorem 3.11. Suppose f : R → X is an almost periodic function and ρ is a weight. If the conditions (H1) and (H2) in Lemma 3.7
hold for every λk ∈ σb( f )\{0}, then f is ergodic under weight ρ .
The proof of Theorem 3.11 can be obtained easily from Lemma 3.7 and Lemma 3.10, so we omit it.
4. Ergodic zero set under a weight
A set C ⊂R is said to be an ergodic zero set if
lim
T→+∞
m(Qr ∩ C)
m(Qr)
= 0,
where m is Lebesgue measure.
Analogously, we can consider a similar deﬁnition under a weight.
Deﬁnition 4.1. A set C ⊂R is said to be an ergodic zero set under a weight ρ if
lim
T→+∞
μ(Qr ∩ C,ρ)
μ(Qr,ρ)
= 0.
Obviously, f ∈ PAP0(X,ρ) if and only if Cε = {t ∈R: ‖ f (t)‖ > ε} is an ergodic zero set under weight ρ .
With the help of ergodic zero set we can deﬁne equivalence of different weights.
Deﬁnition 4.2. Let ρ1,ρ2 ∈ U. One says ρ1 is equivalent to ρ2 or ρ1 ∼ ρ2 whenever they have the same family of ergodic
zero sets.
If ρ1ρ2 ∈Ub , obviously they have the same family of ergodic zero sets. So Deﬁnition 4.2 generalizes Deﬁnition 1.2.
Theorem 4.3. Suppose ρ1,ρ2 ∈ U. If ρ1 ∼ ρ2 , then PAP0(X,ρ1) = PAP0(X,ρ2); if the family of ergodic zero sets under ρ1 is a
subfamily of that under ρ2 , then PAP0(X,ρ1) ⊂ PAP0(X,ρ2).
We will give two examples to illustrate the effectiveness of Theorem 4.3.
Example 4.4. Suppose ρ1(t) = |t|d , ρ2(t) = |t|d+1, where d is a natural number. Then PAP0(X,ρ1) = PAP0(X,ρ2).
Proof. We only have to show ρ1 ∼ ρ2. Suppose C is ergodic under ρ1. For any ε > 0, there exists r1 = r1(ε) > 0 such that
for any r > r1,
μ(Qr ∩ C,ρ1)
μ(Qr,ρ1)
< ε,
i.e.
μ(Qr ∩ C,ρ1) < ε · μ(Qr,ρ1) = ε · 2 rd+1.
d + 1
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m(Qr ∩ C) < 2r · ε 1d+1 .
Since ρ2 is even and increasing on [0,+∞) too,
μ(Qr ∩ C,ρ2)
μ(Qr,ρ2)

μ(Qr\Q
r−r·ε 1d+1
,ρ2)
μ(Qr,ρ2)
=
2
d+2 r
d+2[1− (1− ε 1d+1 )d+2]
2
d+2 rd+2
= 1− (1− ε 1d+1 )d+2.
Let r → +∞ and then ε → 0 in the last formulas, we get
lim
r→+∞
μ(Qr ∩ C,ρ2)
μ(Qr,ρ2)
= 0.
Thus, C is an ergodic zero set under ρ2.
Similarly we can show that a set is an ergodic zero set under ρ1, then it also is an ergodic zero set under ρ2. The proof
is complete. 
Remark 4.5. (1) This example indicates that PAP0(X,ρ1) = PAP0(X,ρ2) does not imply ρ1ρ2 ∈Ub .
(2) When d = 0, PAP0(X,ρ1) = PAP0(X). It follows from this example that PAP0(X) = PAP0(X, |t|d), d ∈N.
Example 4.6. Suppose ρ1 ≡ 1, ρ2 is deﬁned as follows:
ρ2(t) =
⎧⎨
⎩
t, t  1;
1, −1 t  1;
1
|t| , t −1.
Now we show that any ergodic zero set must be an ergodic zero set under ρ2. Suppose C is an ergodic zero set, then
for any ε > 0, there exists r1 = r1(ε) such that for any r > r1,
m(Qr ∩ C)
m(Qr)
= m(Qr ∩ C)
2r
< ε,
i.e. m(Qr ∩ C) < ε · 2r.
Because ρ2 is increasing on R,
μ(Qr ∩ C,ρ2)
μ(Qr),ρ2
<
μ([(1− 2ε)r, r],ρ2)
μ(Qr)
<
μ([(1− 2ε)r, r],ρ2)
μ([0, r])
=
1
2 r
2[1− (1− 2ε)2]
1
2 (r
2 − 1) + 1 =
1− (1− 2ε)2
1+ 1
r2
.
Let r → +∞ and then ε → 0 in the last formulas, we get
lim
r→+∞
μ(Qr ∩ C,ρ2)
μ(Qr,ρ2)
= 0.
Thus, C is also an ergodic zero set under ρ2.
Let C ′ = (−∞,−1]. Obviously, C ′ is not an ergodic zero set. But we can show that C ′ is an ergodic zero set under ρ2.
When r > 1,
μ(Qr ∩ C ′,ρ2)
μ(Qr,ρ2)
= ln r
ln r + 12 (r2 − 1) + 2
→ 0, r → +∞.
It follows from Theorem 4.3 that PAP0(X) PAP0(X,ρ2).
Remark 4.7. It is easy to verify that limt→±∞ ρ2(t+τ )ρ2(t) = 1 and μ((−∞,0],ρ2) = μ([0,+∞),ρ2) = +∞, so PAP0(X,ρ2) is
translation invariant and every almost periodic function is ergodic under ρ2. By the unique decomposition theorem of
PAP(X,ρ) and PAP0(X) PAP0(X,ρ2), we get PAP(X) PAP(X,ρ2).
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